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Overview
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• This presentation introduces a circuit simulation model that includes both 
inductive coupling and mutual resistance effects 

• Mutual inductance and mutual resistance concepts are reviewed 

• Modeling approach particularly suited for cases not covered by Dowell’s method 
such as transformers with multiple output windings

• Model parameters are extracted in the frequency domain, but the models also 
work well in the time domain

• A transformer for a Phase-Shifted Bridge is used as an example to illustrate the 
modeling approach
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Dowell’s Method Limitations

• Used to calculate the ac resistance of transformer windings
• Assumes infinite magnetizing inductance (equal and opposite amp-turns)

– not intended for low permeability or gapped cores (amp-turns unequal and possible fringing loss)

• Assumes one independent current variable (currents scaled by turns ratios)
– Interleaved windings are supported if they are connected in series
– Multiple outputs with independent load currents not supported
– Windings connected in parallel not supported because the current sharing ratio is unknown

[1]
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Magnetic Coupling Review

• Two windings are coupled when some of the magnetic flux produced by currents 
flowing in either of the windings passes through both windings

• Only part of the flux produced by a current in one winding reaches other windings 

• Flux which doesn’t pass through both windings is called leakage flux

• Magnetic coupling can also be modeled in terms of self and mutual impedances
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Self and Mutual Impedance Equations [2-5]

𝑣ଵ = 𝑍ଵଵ𝑖ଵ + 𝑍ଵଶ𝑖ଶ 𝑣ଶ = 𝑍ଶଵ𝑖ଵ + 𝑍ଶଶ𝑖ଶ

𝑣ଵ =  𝑅ଵଵ + 𝑗ω𝐿ଵଵ 𝑖ଵ + 𝑅ଵଶ + 𝑗ω𝐿ଵଶ 𝑖ଶ 𝑣ଶ =  𝑅ଶଵ + 𝑗ω𝐿ଶଵ 𝑖ଵ + 𝑅ଶଶ + 𝑗ω𝐿ଶଶ 𝑖ଶ
𝑅ଵଶ = 𝑅ଶଵ = Mutual  Resistance 𝐿ଵଶ = 𝐿ଶଵ = Mutual  Inductance



Impedance Matrix Equation for N Windings𝑣ଵ𝑣ଶ⋮𝑣ே = 𝑍ଵଵ 𝑍ଵଶ ⋯ 𝑍ଵே𝑍ଶଵ 𝑍ଶଶ ⋯ 𝑍ଶே⋮ ⋮ ⋱ ⋮𝑍ேଵ 𝑍ேଶ ⋯ 𝑍ேே   𝑖ଵ𝑖ଶ⋮𝑖ே
• A set of coupled windings can be modeled with a matrix equation that 

relates frequency-domain winding voltages and currents with an 
impedance matrix [6]

• The values of impedance matrix elements can be obtained through FEA 
simulations or extracted from measurements [7]

• The impedance matrix values vary with frequency
• Impedance matrices are symmetric
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ANSYS Maxwell Impedance Matrix Results
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Transformer Comparison
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3 layers 2 mil Nomex 10 layers 2-mil Nomex

Two transformers with different insulation thickness between the windings

Measured Capacitance 
between windings

1-2: 122 pF
2-3: 151 pF
3-4: 174 pF

SRF: 1.03 MHz

Measured Inductances @10 kHz
Winding 1: 181  µH
Winding 2: 20.2 µH
Winding 3: 20.2 µH
Winding 4: 181  µH

Measured Capacitance 
between windings

1-2: 55 pF
2-3: 61 pF
3-4: 65 pF

SRF: 998 kHz 

Measured Inductances@ 10 kHz
Winding 1: 192  µH
Winding 2: 21.4 µH
Winding 3: 21.4 µH
Winding 4: 192  µH



FEA Self Inductances
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3 layers 2 mil Nomex 10 layers 2 mil Nomex



Self Resistances
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3 layers 2 mil Nomex 10 layers 2 mil Nomex



Mutual Inductances
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3 layers 2 mil Nomex 10 layers 2 mil Nomex

L12, L13, L24 and L34 are nearly equal.



Mutual Resistances
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3 layers 2 mil Nomex 10 layers 2 mil Nomex



Definition of Leakage Impedance

• Leakage impedance is the impedance measured at one winding when another winding is 
shorted

• Leakage impedances are a function of self and mutual impedances as shown in the equation 
above [8]

• Consequently, leakage impedances are a property of a pair of windings and generally can’t be 
split up and assigned to individual windings when there are more than two windings
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Winding m Winding n shorted

𝑍_ 𝑍_ = 𝑍 − 𝑍ଶ𝑍



Leakage Inductances
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3 layers 2 mil Nomex 10 layers 2 mil Nomex



Leakage Resistances
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3 layers 2 mil Nomex 10 layers 2 mil Nomex



Inductive Coupling Coefficients

16

𝑘 = 𝐿𝐿𝐿  −1 < 𝑘 < 1
• The coupling coefficient is negative when the mutual inductance is negative
• The inequality ensures that the total stored energy is always positive for two windings

– A more restrictive criterion is needed to ensure that the model is passive for more than two 
windings [9]

3 layers 2 mil Nomex 10 layers 2 mil Nomex



Resistive Coupling Coefficients
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𝑘ோ  = 𝑅𝑅𝑅  −1 < 𝑘ோ < 1
• A coupling coefficient for mutual resistance kR can be defined as shown above [10]
• The coupling coefficient is negative when the mutual resistance is negative
• The inequality ensures that the total dissipated power is always positive for two windings

– I presume that the same type of constraints described in [9] also apply to resistive coupling coefficients

3 layers 2 mil Nomex 10 layers 2 mil Nomex



Effects of Mutual Resistance on Leakage Resistance
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• The leakage resistance (green) is less than the sum of the self-resistance R22 and the 
reflected self-resistance R33

• There is a significant reduction of the ac resistance due to the mutual resistance between 
these adjacent windings.  The reduction in leakage resistance increases as the mutual 
resistance coupling increases.

3 layers 2 mil Nomex



Effects of Mutual Resistance on Leakage Resistance
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• The leakage resistance (green) is less than the sum of the self-resistance R22 and the 
reflected self-resistance R33

• There is a significant reduction of the ac resistance due to the mutual resistance between 
these adjacent windings.  The reduction in leakage resistance increases as the mutual 
resistance coupling increases.

10 layers 2 mil Nomex



Effects of Mutual Resistance on Leakage Resistance
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• The leakage resistance (brown) is less than the sum of the self-resistance R11 and the 
reflected self-resistance R44

• These windings are not adjacent.  The leakage resistance increases beyond the sum of the 
two winding resistances when the resistive coupling changes polarity.

3 layers 2 mil Nomex



Effects of Mutual Resistance on Leakage Resistance
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• The leakage resistance (brown) is less than the sum of the self-resistance R11 and the 
reflected self-resistance R44

• These windings are not adjacent.  The leakage resistance increases beyond the sum of the 
two winding resistances when the resistive coupling changes polarity.

10 layers 2 mil Nomex



Impedance of an Isolated Winding
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Core: Ferroxcube ETD49-25-16 3C97
(Core loss set to zero)

Gap: 3 mil
Bobbin: TDK B66368B1020T001
Winding: 12 Turns 0.003" x 1" copper foil
Insulation: 0.002” Nomex

Turn-Turn spacing modeled as 0.003” 
based on measurements of wound bobbin

ANSYS Maxwell 2D Radial Model



Impedance of an Isolated Winding
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Impedance of Same Winding Within a  Transformer 
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Winding 1: 12 Turns 0.003" x 1" copper foil
Winding 2: 4 Turns 0.007" x 1" copper foil
Winding 3: 4 Turns 0.007" x 1" copper foil
Winding 4: 12 Turns 0.003" x 1" copper foil
Layer Insulation: 0.002” Nomex
Winding Insulation: 10 Layer 0.002” Nomex

Nomex modeled as 0.003” based on 
measurements of wound bobbin

ANSYS Maxwell 2D Radial Model



Impedance Comparison
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Winding by itself Same Winding within a transformer



Equivalent Circuit Model of Winding Impedance
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Equivalent Circuit Model of Winding Impedance
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Winding by itself Same Winding within a transformer



An Equivalent RL Circuit for a Four-Winding Transformer
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• Model is based on methods described in [11,12]
• The physical windings are represented by L1, L2, L3 and 

L4
• Each physical winding is accompanied by auxiliary 

windings shunted by resistors that model the ac losses
• Increasing the number of auxiliary windings increases the 

frequency range of the model (3-aux ~ 10 MHz)
• Each physical winding is coupled to each of the auxiliary 

windings
• Some of the couplings could be negative
• The auxiliary windings have the same inductance as their 

associated physical winding
• The parameter values were determined by a solver in 

Mathcad that attempts to match the performance of the 
model to the impedance matrix data imported from Maxwell



Transformer Equivalent Circuit Model
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Model Coupling Coefficients
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• The couplings among the physical windings are high, but the auxiliary couplings are low
• A matrix of all the coupling coefficients used in the model can be used to check the stability of the model [9]
• All the eigenvalues of the coupling matrix must non-negative to ensure stability of the model
• The solver checks for stability and rejects unstable solutions
• The model is reduced-order because not all the couplings are included (the model in [11] includes all couplings)

Physical Windings



Self Resistance and Inductance Capacitive Correction
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FEA and Equivalent Circuit Self Resistances and Inductances
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Measured and Eq. Cir. Self Resistances and Inductances
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FEA and Equivalent Circuit Leakage Inductances
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𝑄 = 𝐼𝑚 𝑍𝑙𝑒𝑎𝑘𝑅𝑒 𝑍𝑙𝑒𝑎𝑘



Measured and Equivalent Circuit Leakage Inductances

35

𝑄 = 𝐼𝑚 𝑍𝑙𝑒𝑎𝑘𝑅𝑒 𝑍𝑙𝑒𝑎𝑘



FEA and Equivalent Circuit Leakage Resistances
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Measured and Equivalent Circuit Leakage Resistances

37



38

FEA and Equivalent Circuit Mutual Resistances



Measured and Equivalent Circuit Mutual Resistances
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FEA and Equivalent Circuit Mutual Resistance Coupling



Measured and Equivalent Circuit Mutual Resistance Coupling
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Self-Impedance SPICE Simulation
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Self-Impedance SPICE Simulation
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Leakage-Impedance SPICE Simulation
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Leakage-Impedance SPICE Simulation
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3 Layers 2 mil Nomex 10 Layers 2 mil Nomex

0.77μH

0.79μH



Phase-Shifted Bridge Converter
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TI UCC27714EVM-551Demo Board with new transformer and output circuit
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Phase-Shifted Bridge Converter Power Stage



Simulation and Measured Test Results, Lzvs = 2.4 μH
SPICE based on FEA Data
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Simulation and Measured Test Results, Lzvs = 2.4 μH
SPICE based on Measured Data
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Simulation and Measured Test Results, Lzvs = 10.7 μH
SPICE based on FEA Data
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Simulation and Measured Test Results, Lzvs = 10.7 μH
SPICE based on Measured Data
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Transformer Primary Currents Lzvs = 2.4 μH, FEA-Based SPICE
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1.819A RMS, -8% error1.984A RMS

1.580A RMS. -1% error

Ratio: 1.24

1.599A RMS

Ratio: 1.15, -7% error

Layer 4

Layer 1



Transformer Primary Currents Lzvs = 2.4 μH, Meas-Based SPICE
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2.039A RMS, +3% error1.984A RMS

1.463A RMS. -8% error

Ratio: 1.24

1.599A RMS

Ratio: 1.39, +12% error

Layer 4

Layer 1



Transformer Primary Currents Lzvs = 10.7 μH, FEA-Based SPICE
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1.770A RMS, -8% error1.928A RMS

1.527A RMS. -2% error

Ratio: 1.24

1.558A RMS

Ratio: 1.13, -6% error

Layer 4

Layer 1



Transformer Primary Currents Lzvs = 10.7 μH, Meas-Based SPICE
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1.987A RMS, +3% error1.928A RMS

1.428A, RMS. -8% error

Ratio: 1.24

1.558A RMS

Ratio: 1.39, +12% error

Layer 4

Layer 1



Phase-Shifted Bridge Transformer Loss Waveforms, FEA
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High Frequency losses in 
Auxiliary Resistors

High Frequency losses in 
Auxiliary Resistors

Losses in DC Resistors

Losses in DC Resistors

Primary Currents

Primary Currents

Primary Voltage

Primary Voltage

10.7 µH ZVS Inductor

2.4 µH ZVS Inductor

599.09mW

132.3mW

128.1mW

328.58mW



Phase-Shifted Bridge Transformer Loss Waveforms, Meas
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High Frequency losses in 
Auxiliary Resistors

High Frequency losses in 
Auxiliary Resistors

Losses in DC Resistors

Losses in DC Resistors

Primary Currents

Primary Currents

Primary Voltage

Primary Voltage

10.7 µH ZVS Inductor

2.4 µH ZVS Inductor

192.43mW

988.19mW

189.5mW

476.87mW



Maxwell 2D Pulse Test Transformer Model
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All wires 22 AWG

All windings 38 turns

2 layers 2 mil tape between layers, 0.1mm

Core: ETD49/25/16-3C97

Gap: 3 mil spacer 

Bobbin: TDK B66368B1020T001
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Leakage Inductance Variation with Pulse Width

A voltage pulse is applied to winding 1 while winding 4 is shorted in order to show 
how the apparent leakage inductance varies with time.

𝑉 = 𝐿 𝑑𝑖𝑑𝑡 𝐿 = 𝑉𝑑𝑖𝑑𝑡



Leakage Inductance Simulations

60

• The range for the effective leakage inductance in the time domain is 
close to the range in the frequency domain
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Diode Reverse Recovery Test Circuit [13]



62

Diode Reverse Recovery Comparison

Mutual Resistance Model Enabled Mutual Resistance Model Disabled

• The mutual resistance model reduces the effective inductance and increases the 
peak reverse recovery current



Conclusions
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• This mutual impedance circuit model can be made to match FEA results very closely

• The mutual impedance circuit model matches measured data fairly well, but the range 
of frequencies where accurate results can be obtained are more limited compared to 
FEA-based models because of capacitive effects

• Compensating for the winding capacitances can extend the frequency range of 
accurate measurements

• The SPICE circuit models produced from FEA simulations are more accurate at 
predicting the current sharing than the models produced by LCR measurements

• The SPICE circuit models produced from both the FEA simulations and LCR 
measurements accurately predict the dc measurements

• All of the model variations were able to capture a loading condition of concern



• The leakage inductance for closely-coupled winding pairs decreases with 
frequency

• The inductance decrease is due to skin and proximity effects

• The effective leakage inductance for pulsed waveforms can be determined 
by dividing the applied voltage by the time derivative of the current

• The effective leakage inductance for short pulses is less than for longer 
pulses

• The currents produced by the reverse recovery of fast diodes connected to 
transformer outputs depend on the high-frequency leakage inductance 
values

• Example files can be found at http://www.verimod.com/resources.html
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Conclusions (continued)
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